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Abstract 



The Blau-Thompson Nt = 2, D — 3 non-equivariant topological model, obtained through 
the so-called , novel' twist of iV = 4, £> = 3 super Yang-Mills theory, is extended to a Nt = 4, 



o 

o . 

, D = 3 topological theory. The latter, formally, may be regarded as a topological non-trivial 

pi I deformation of the Nt = 2, D = 4 Yamron-Vafa-Witten theory after dimensional reduction 

D ' to D = 3. For completeness also the dimensional reduction of the half-twisted Nt = 2, 

, I? = 4 Yamron model is explicitly constructed. 

OO 

^ ■ 1. Introduction 

> 

■ Topological quantum field theory (TQFT) has become an interesting link between physics and 

(yQ . mathematics. It has connected diverse areas and many of the advanced ideas in QFT and string 



O I theory with the ones involved in topology (see, e.g., Refs. - [|T3[). TQFTs with simple, 

Nt = 1, topological symmetry have been widely studied in different space-time dimensions, 
e.g., the topological sigma models in D = 2 [0], the Chern-Simons gauge theory in D = 3 
IQ] and the Donaldson- Witten theory in D = 4 Q, namely, from both the perturbative and 
Q^' the non-perturbative point of view. TQFTs with extended, Nt > 1, topological symmetry 



D ■ have also been considered, e.g., as effective world volume theories of D3-branes [15|, D2-branes 

^ — — 



|16| and M5-branes [I7| in string theory wrapping supersymmetric cycles of higher dimensional 
compactification manifolds. They provide a promising arena for testing key ideas as S'-duality 
^ ■ large A^-dynamics of supersymmetric gauge theories and, eventually, the AdS/CFT 

^ ', conjecture pO|] . 

Usually, the topological supersymmetry is realized equivariantly, i.e., prior to the introduc- 
tion of gauge ghosts the cohomology closes only modulo equations of motions. However, by 
introducing the , novel' topological twist of the N = 4:, D = 3 super Yang-Mills theory (SYM) 
Blau and Thompson obtained a A'^j- = 2, D = 3 topological model whose topological shift 
symmetry is strictly nilpotent even prior to the introduction of the gauge ghosts. Such theories 
are intrinsic for D = 3 and, obviously, quite special. After carrying out a dimensional reduction 
to D = 2 one obtains a Nt = 4 Hodge-type cohomological theory In such theories, com- 
pletely analogous to de Rham cohomology, there exists besides the topological shift operator 
also a co-shift operator both of which are nilpotent and interrelated by a discrete Hodge-type 
duality. 

Motivated by this interesting possibility we looked for an equivariant Nt = 4 extension of 
the Blau-Thompson model which might provide, after dimensional reduction, another Nt = 8 
Hodge-type cohomological theory. If such an equivariant extension would exist it had to be 
equivalent to one of the various non-equivalent Nt > 2, D = 3 topological theories. 
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Email: muelsch@informatik.uni-leipzig.de 
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Sf-vi2) S(),^,i:i) 



N = 4, D = 3 SYM 

(SUr(2) Igl SUn{2)) (gl SOe(3) 
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(Blau— Thompson model with 
non— equivariant cohomology) 
S(/b(2) ®SOe,(3) 



Nt = 2, D = 3 super-BF 
& spinorial hypormultiplct 

(SC/iv(2) ® SC/h(2)) ® SOj5,(4) 



AT = 8, D = 3 SYM 
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(equivariant extension of 
Blau— Thompson model) 
(SC/h(2) ® SC/k(2)) ® SO^/ (3) 



Nt = 2, D = A supor-BF 

S[/b(2) » SOj3,(4) 



TVt = 1, I> = 4 TFT 

Yamron (half— twisted) model 
S(7k(2) ® SOe/(4) 
(Donaldson— Witten model 
& spinorial hypermultiplet) 



AT = 4, I? = 4 SYM 

St/j(4)(gSOE(4) 



ATt = 1, D = 4 TYM 
& standard hypermultiplet 

SOe/(4) 




A^T = 2, _D = 4 TFT 

Marcus (B) model 



S!7k(2) ® SO^/(4) 



ATt = 2, Z) = 4 TYM 

Yamron— Vafa— Witten (A) model 
S(/r(2) ®SOe/(4) 



ATt = 1, D = 4 TYM 

Donaldson— Witten model 
SOe,(4) 



topological 
non— trivial 



deformation 
topological twist 
dimensional reduction 



N = 1, D = 10 SYM 

SOe(IO) 



Diagram 1: Different twisting of AT = 2, N = 4 and N = 8 SYM theories and 
interrelations of various topological theories in D = 3 and D = 4. 
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A complete group theoretical classification of all the topological twists of = 4 and N = 8 
super- Yang-Mills theory (SYM) in D = 3 has been given in |16|. According to that analysis in 
both cases there exist exactly two possible topological twists (see Diagram). 

In the case A = 4, D = 3 SYM the , standard' Ay = 2 topological twist gives the super-BF 
model whereas the so-called , novel' Nt = 2 topological twist by construction leads to a model, 
henceforth called Blau-Thompson (BT) model, which precisely enjoys the above mentioned 
property, i.e., which has no bosonic scalar fields and hence no underlying equivariant cohomology. 

Also in Ref. it has been shown, without constructing the corresponding models explicitly, 
that there exist only two (partial) topological twists of A^ = 8, D = 3 SYM, provided one 
excludes theories involving higher spin fields. These models having an underlying Nt = 4 and 
At = 2 topological symmetry describe world-volume theories of D2-brane instantons wrapping 
supersymmetric three-cycles of Calabi-Yau three-folds and G2-holonomy Joyce manifolds. 

Moreover, in it has been shown that the Nt = 4, D = 3 model is just the dimensional 
reduction of either of the two Nt = 2, D = 4 models to -D = 3, namely, the so-called A-model 
constructed by Yamron [^] and Vafa-Witten [18| and the i?-model constructed by Marcus [|^, 
whereas the Nt = 2, D = 3 model arises from the dimensional reduction of the , half-twisted' 
Nt = 1, D = A theory |2|. 

In this paper we construct explicitly both the At = 2 and the Nt = 4 model in D = 3 
dimensions. Thereby, we restrict ourselves to Euclidean space-time. In seaching of cohomo- 
logical Hodge-type theories this restriction is convenient since, after performing a dimensional 
reduction to D = 2, the topological co-shift symmetry is partially encoded in the vector su- 
persymmetry. Under that restriction both theories can be characterized uniquely by imposing 
besides the topological shift symmetry Q'^ (and possibly Q^) also the vector supersymmetry 
(and possibly Q^)- Furthermore, the latter model coincides with the Nt = 4 equivariant 
extention of the Blau-Thompson model which we consider at first instance. The equivalence 
of both models obtains by deforming explicitly the Yamron- Vafa-Witten theory, i.e., the A- 
model, after dimensional reduction to D = 3. In addition, we remark that we have not been 
able to find an appropiate equivariant extension of the novel topological model preserving the 
number of topological supercharges Nt = 2. On the other hand, due to the completeness of the 
classification [16|, such an extension should really not be possible. 

The paper is organized as follows. Following Ref. in Section 2 we recall the structure 
of the two possible topological twists of A = 4, Z) = 3 SYM, leading to the At = 2, D = 3 



super-BF model |24] - and the novel At = 2, D = 3 Blau-Thompson model. In Section 3 
we construct a At = 4 equivariant extension of the Blau Thompson model. In Section 4 it is 
shown that this extension coincides with the Yamron- Vafa-Witten theory after carrying out a 
dimensional reduction to -D = 3, i.e., with the At = 4 topological twist of A^ = 8, D = 3 SYM. 
In Section 5 we construct the At = 2 topological model of A = 8, D = 3 SYM which is the 
extension of the At = 2, D = 3 super-BF model by a spinorial hypermultiplet. 



2. The two topological twists of N = 4, D = 3 SYM theory: 
Super— BF and Blau-Thompson model 



In this section we briefly recall the two possible topological twists of A = 4 SYM in D = 3 
dimensional Euclidean space-time which obtains by dimensional reduction of A^ = 1, D = 6 
SYM, either directly or via A^ = 2, D = 4 SYM, to D = 3 (cf., upper half of the Diagram). 
As pointed out in Ref. [^], this theory has a global (5C/(2)/j SU{2)n) SU{2)e symmetry, 
where the SU{2)ji group primarily results from the symmetry of the fermions of A = 1 SYM in 
D = 6. 
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After dimensional reduction the gauge multiplet of = 4 SYM m D = 3 contains three 
scalar fields which transform in the vector representation under the group SU{2)]\i, the internal 
Euclidean symmetry group arising from the decomposition Spin{6) SU{2)p^ (g) SU{2)e- The 
symmetry group SU{2)e is the Euclidean rotation group in D = 3. 

There are only two essentially different possibilities to construct topological models with 



Nt = 2 scalar topological supercharges, arising from twisting = 4 SYM in D = 3 [16|. 
(A) The super-BF model 

The standard twist consists in replacing SU{2)e 'S' SU{2)ii through its diagonal subgroup. This 
leads to the universal gauge multiplet {Aa,ipa^4>°''^^V°'}: a = 1,2; a = 1,2,3, of the A^ = 2, 
D = 3 super-BF model ||2^ - ||2^, which is built up from the gauge field Ac, a SU{2)]\! doublet 
of Grassmann-odd topological ghost-antighost vector fields ■0a = {'>Pa,Xa}, a SU{2)n triplet 
of Grassmann-even ghost-for-ghost scalar fields 4'°'^ = {(/>, r, ^}, where r plays the role of a 
Higgs field, and a SU{2)n' doublet of Grassmann-odd scalar fields r/" = {A, t/}, respectively. 
(Let us recall, that cf)"''^ is symmetric, (j)"''' = 4>^"'.) In order to close the topological superalgebra 
(see Eq. (2.4) below) it is necessary to introduce the bosonic auxiliary vector field Ba- All the 
fields are in the adjoint representation and take their values in the Lie algebra Lie{G) of some 
compact gauge group G. 

The twisted action of this D = 3 super-BF (Casson or Euler character) model (2j] with a 
Nt = 2 off-shell equivariantly nilpotent topological supersymmetry is given by 

5bf = j d'xiT[e^P'<B^F^p + e^^^eab^D^i^l - 2e,f,7?'^I)°Va - 'iv''[4>ab,rf>] 

- 2tl:^^[U,^i] + </'afeI?'</'"' - [(PabAcdW\4'''] - 2i3"i?a}, (1) 

where Fap = daAp — dpAa + [Aa, Ap\ and = da + [Aa-, ■ ] is the YM field strenght and the 
covariant derivative in the adjoint representation, respectively; e^^^ is the totally antisymmetric 
Levi-Civita tensor in D = 3, £123 = 1, and Eab is the invariant tensor of the group SU{2)iy, 
€12 = 1. The internal index a, which labels the different Nt = 2 charges, is raised and lowered 
as follows: ipa = '^^e.ba and = e^-^Lpb with e^'^Ccf, = —S^- 
The action (||) can be cast into the Q°-exact form 

'S'bf = \(-abQ'^Q^X-BY, 

where 

Abf = Scs + j d^xtrjeafeV^'V'a + eafe??"^?''}, 

with 5cs = j d^xii\e'''^^{Aadi3A^ + lA^Ai3A^)^ 

being the Chern-Simons action. Let us notice, that the gauge boson Abf is not uniquely spec- 
ified, namely, substituting for CabV'^'n'' the expression ^eab4'cd[(t'"'^ , 4'^'''] gives the same action, 
bmce the BF~term e"^!^^ B^F^p in (||) has an on~shell first-stage reducible gauge symmetry, 
6g{(^)B^ = —D^oj, the gauge-fixing terms can be derived also by the Batalin-Vilkovisky proce- 
dure [O, Pq| . Let us notice, that the gauge-fixed action of the D = 3 super-BF theory can also 



be obtained by a dimensional reduction |2£] of the Nt = 1, = 4 Donaldson- Witten theory 



which results by twisting the A = 2, D = A SYM (see Diagram). 

The off-shell equivariantly nilpotent topological shift symmetry takes the form 
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it agrees with that of Ref. [18, (up to the ubiquitous factor of_| in front of rj'^) and |lf:]. In 
addition, by restricting to flat Euclidean space-time the action (|^) is invariant also under the 
following vector supersymmetry Q^, 



QIB0 = D^rp - + e^p-,D^t + ^cdir', ^cM^^'' - ^apA- (3) 

By a straightforward calculation it can be verified that the four supercharges Q° and Q'^, to- 
gether with the generator = ida of space-time translations, obey the following topological 
superalgebra: 

{Q'',Q'} = -26G{r'), 

{Q''a,Q'fi} = -26^pSG{r'), (4) 

where the symbol = means that the corresponding relation is satisfied only on-shell, i.e., by 
taking into account the equation of motions. Since both the supersymmetries and Q'^ 
are realized nonlinearly, the superalgebra (^) closes only modulo the field-dependent gauge 
transformations Sg{oj), oj = {Aq,,^"''}, which are defined by 5G{i^)Aa = —DaOJ and 6g{oj)(P = 
[oj, (f], (f = rj"", Be}- Let us emphasize that the form of the action (|l|) is not completely 
specified by the topological supersymmetry i.e., it is not the most general action compatible 
with the gauge and the Q^-invariance. Nevertheless, it turns out to be uniquely characterized 
by imposing the vector supersymmetry Q'^. The conditions Q"'Sbf = Qa^BF = fix all the 
relative numerical coefficients of the action (^, allowing, in particular, for a single coupling 
constant. 

(B) The Blau-Thompson model 

The second twist of = 4 SYM in D = 3 consists in replacing SU{2)e SU{2)]\f through 
its diagonal subgroup. This yields the novel Nt = 2 topological twist introduced by Blau and 
Thompson [16|. The gauge multiplet {Aa, Va,tpaiV"'} of this topological model is built up from 
the gauge field Aa, a bosonic vector field Vq, a SU{2)fi doublet of Grassmann-odd topological 
ghost-antighost vector fields V'S = {i^a^Xa} and a SU{2)ji doublet of Grassmann-odd scalar 
fields = {A,f/}. In order to close the topological superalgebra (see Eq. (^) below) it is 
necessary to introduce a further set of bosonic auxiliary fields, namely two vector fields Ba, Ba 
and a scalar field Y, respectively. 

The twisted action of this topological model is given by ||l^ 

Sbt = 1 J d^x tr{ - ie^P^B^Fap{A + iV) - ie''^^€abi^^Da{A + iV)^^,^ - AB^^B^ - iY^ 

+ ie^P^B^Fap{A - iV) - 2eabrD^{A - iV)il>i - AYD^{A)Va], (5) 
and can be rewritten as sum of a BF-like topological term and a Q^-exact term, 

SBT = \j d''xiT[ie''^^B^Fap{A - iV)] + fe^^Q'^Q^XBT, 
with the gauge boson 

^BT = -\iScs{A + J d^xtv^iB'^Va + |e„br^'}- 
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Here, the Chern-Simons action S'cs(^ + ^^) is formed by the complexified gauge field + iVa- 
A striking, but somewhat unusual feature of this model is that there are no bosonic scalar fields 
and hence no underlying equivariant Q'*-cohomology (after dimensional reduction the three 
scalar fields are combined to form the vector field Va)- Another special feature is that — iVa 
is Q^'-iiwaxiant. Thus, as pointed out in any gauge invariant functional of A^ — iVa-, 
constrained by Fai3{A — iV) = 0, is a good observable (e.g., bosonic Wilson loops). Moreover, 
since this twisted model differs from the D = 3 super-BF model by an exchange of SU (2) 
and SU{2)n, in Ref. |jl^ it has been speculated, that it can be regarded as providing a mirror 
description of the Casson model. 

Let us now give the transformation laws which leave the action (|^ invariant. The off-shell 



nilpotent topological supersymmetry takes the form [16| 



Q^Bo, = 0, Q^Bo, = -D^{A - iV)f]\ 

Q^'Y = 0, (6) 

i.e., prior to the introduction of gauge ghosts, the Nt = 2 topological supersymmetry Q"^ is not 
equivariant, but rather strictly nilpotent. In addition, by restricting to fiat Euclidean space- 
time, the action (^) is left invariant under the following vector supersymmetry Q°, 

Q^T?^ = 2e'^*5„, 

Q'^^Bf, = -ie^f,^D''{A + iV)r, 

Qli^'f, = -2e»''F,^(A) - 2ie'''D^{A)Vf3 + 2ie^\^p^W - 2i5^pe^''Y, 

QlBp = 2D^{A)rp -Dp{A + iV^a + i^o.p^D^{A - iV)n\ 

QIY = iD^{A-iV)fi\ (7) 

The scalar and the vector supercharges, and Q^, together with the generator Pa of space-time 
translations, satisfy the following topological superalgebra: 

{Q^g^} = o, 

{QS, Q^} = 2ie'^^„^^(-iP^ + 5g{A^ - iV^)). (8) 

As before, all relative numerical factors of the action (|5|), except for an overall unique coupling 
constant, are fixed by imposing the requirements Q"5bt = Q^'S'bt = 0. 



3. Nt = 4 equivariant extension of Blau— Thompson model 



After having characterized the two possible topological twists of = 4, D = 3 SYM let us 
turn to the question whether the topological model constructed by Blau and Thompson can be 
regarded as deformation of another one with underlying Nt > 2 equivariant cohomology. Under 
the requirement of preserving the number of topological supercharges, Nt = 2, we have not 
been able to find an appropiate equivariant extension of this model. However, if the condition 
Nt = 2 is relaxed, it is not difficult to show that this model, formally, can be recovered by 
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deforming a cohomological theory with an extended Nt = 4 topological supersymmetry. Such a 
theory has an additional global symmetry group, which will be denoted by SU{2)j^. In Section 
4 it will be shown that this cohomological theory coincides with the Nt = 4 topological twist of 
N = 8 SYM in D = 3. 

The construction of the Nt = 4 equivariant extension of the Blau-Thompson topological 
model is governed by the following strategy: 

First, after eliminating, by the use of the equations of motion, in the action (|5|) the auxiliary 
fields Ba, Ba and Y the bosonic part of the resulting action involves the complexified gauge 
fields Aa ± iVa- This bears a strong resemblance to the so-called topological B-twist of = 4, 
D = 4 SYM studied by Markus ||2^ (recalling that Aa, Vq, and Y are anti-hermitean) . Hence, 
Ba should be regarded as the anti-hermitean conjugate of Ba- 

Second, we introduce a SU{2)^ doublet of Grassmann-odd topological ghost-antighost vector 
fields = {V'ojXa} aiid a SU{2)p^ doublet of Grassmann-odd scalar fields rj"" = {A,r/}, which 
should be regarded as the hermitean conjugate of and 77", respectively. Then, we construct 
an SU (2)^ (g) SU{2)^ invariant action by adding to (|5|) appropiate V'JJ- and ry^-dependent terms. 
Third, we introduce a SU{2)r ® SU{2)^ quartet of Grassmann-even ghost-for-ghost scalar 
fields C"^ = {4'i T + ip,T — ip, (j)} and C,"'^ = = {0, t — ip,T + ip, cj)}, where t ±ip plays the 
role of a complexified Higgs field. 

Finally, we complete the action by adding suitable (^"■^~ and C'^^-dependent terms analogous to 
the i;^°*-dependent terms in the action (||) of the super-BF model. 

Proceeding in that way one gets the following Nt = 4 equivariant extension of the action (P), 

5(7Vt=4) ^ 1 y (^3^^^| _ ie^Pi B^FapiA + iV) - ie'^^"<eahi^^Da{A + iF)^^ 

- 2eabtD''{A - iV)^i + 2U{f\\ff'} + 2U{r\^\} 
+ UD'{A + iVyC'' - [U, Ccd] \C\ r'] - ^B^Ba 

+ ie'^^W^FapiA - iV) + ie'^f^eabr^DaiA - iV)^^ 

- 2e,^rfD'^{A + iV)^i + 2U{rf ^ff} + 2U{r\^i} 

+ UD'iA - iV)C'' - [U, UW\ r'] - 4YB^{A)Ya - 41^2}, (9) 

which, by conctruction, is manifestly invariant under hermitean conjugation or, equivalently, 
under the discrete symmetry 

(Aq,, Yai Ba, Ba, Y) > {Aa, ~Ya, —Ba, —Ba, —Y), 

(c,c,^^r/^c^c^) ^ (^v;s,-ic,ir/^-iry^c^c^), (lo) 

exchanging the scalar and the vector supercharges with their conjugate ones. Thus, the underly- 
ing equivariant cohomology should be a Nt = 4 supersymmetry. This is indeed the case. By an 
explicit calculation one establishes that the action (|9[) is invariant under the following off-shell 
equivariantly nilpotent topological supersymmetry Q'^, 



Q"' Aa 


= ra, 


Q''Va = 








Qa^bc 




Qa^bc ^ 


^ab^c^ 








= 2e^''Ba, 




2Da{A- 


-iv)c\ 




qV = 


= 0, 










Q'^Ba 


= 0, 


Q'^Ba = 


-Da{A 


- iV)t - 




Q'^Y-- 
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which, formally, may be regarded as deformation of the topological supersymmetry displayed in 
@. This deformation is, of course, topological non-trivial since some of the fields, namely r/"^, 
V^J^, C"^ and C"''', must be deformed equal to zero. In addition, applying the discrete symmetry 
onQ", which maps Q'^ to iQ^, one gets a further one, namely the conjugate topological 
supersymmetry Q"", 



If 



Qa^bc ^ fc-b^ Qa^bc ^ ^ab-c^ 

= 0, Q'^B^ = -D^{A + iV)rj'' - 2e,d[C^ ^tl 

Q-Y = -ie,d[Q'"',n\ (12) 

proving, as promised, that the action ^ actually possesses a Nt = 4 topological supersymmetry. 

By restricting to flat Euclidean space-time one can convince oneself by a rather lengthy 
calculation that the action (P) is also invariant under the following vector supersymmetry Q'^: 

Qli^'p = -2ieo,p^D\A-iV)C\ 
QlBp = ie^p^D^{A-iV)t, 

g>J = -2e'^^F„^(A) + 2ie''^D^{A)Vp - 2ie-'e^p.,B^ + 26^pe,a[r, + 2i5o,pe-'Y, 
Qlft = '2D^{A + iV)C\ 

QlBp = 2Da{A)rp - Dp{A - iV)ra " ie^p^D-'iA + W)rf - 2e,a\C\ S^^f + ie^f.^^'']- 
QIY = -zDo^iA + iV)r^'' - ie.diC, i^t], (13) 



Combining Q° with the discrete symmetry (10), which maps into iQ^-, gives rise to the 
conjugate vector supersymmetry Q'^, 

Q'^Af^ = Safari'' - ie„^^V'^", 

Q''J'l} = 2ie^f,^D''{A + iV)C\ 

Qlff = 2e'^'^a, 

QlB0 = -ieo^p^D^{A + iV)n\ 

QIC'" = -e^'^Pl 

Q>J = -2e-'F^f,{A) - 2ie'^'D^{A)Vp + 2ie'^h^p^B^ + 2<5„^6,,[r , - '^id^pe'^^Y, 
QU' = 2D^{A-iV)C\ 

QlBp = 2Da{A)rp - Dp{A + iy)C + ie^P'.D^A - iV)ft - 2e^lC\ ^o^^^rf - ie^p^i^^\ 
QIY = iD^{A - iV)f{^ + zeed[r , i^H (14) 
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which, formany, may be regarded as deformation of the vector supersymmetry given in (^). 
The eight supercharges Q", Q", Q% and Q%, together with the generator Pa of space-time 
translations, obey the following topological superalgebra, 



.p^{-iP'< + 5g{A'< + iV^)), (15) 

which is just the Nt = 4 equivariant extension of the topological superalgebra (P). 

In summary, so far we have seen that the novel = 2 topological twist of = 4, = 3 
SYM can be regarded, formally, as restriction of a Nt = 4 topological gauge theory. 

4. Dimensional reduction of = 2, D = 4 topological YM theory to D = 3 

Now, our aim is to show that the Nt = 4 equivariant extension of the Blau-Thompson model 
introduced in Section 3 is precisely one of the two essentially different topological twists of 
= 8, = 4 SYM which, on the other hand, is just the dimensional reduction of either of the 
two Nt = 2, D = 4 models to D = 3, namely, either the A-model [18, or the S-model 





0, 








-4<5g(C ), 


{Q^(^'} = 


0, 






Qn = 


-45g(C'), 




0, 




{Q\ 


Q^} = 


2e''\-iPa 


{Q\Ql} = 


0, 




{Q\ 


Ql} = 


2e''\-iPa 


{QIA\} = 


_4g« 






Q^} = 




{Ql.Q%} = 


-4e" 




{OS, 


Q%} = 


—2ie"'''ea/3"f 



However, before proceeding, let us briefly recall the two possible topological twists of = 8, 
D = 3 SYM and its relation to the three essentially different topological twists of the = 4, 
D = A SYM. 

The A^ = 8, D = 3 SYM obtains by dimensional reduction oi N = 1, D = 10 SYM, either 
directly or via N = 4, D = 4 SYM, to D = 3 (cf., lower half of the Diagram). The global 
symmetry group of A^ = 8, = 3 SYM is SU{2)e ® Spin{7). In decomposing Spin{7), with 
respect to the twist procedure, some restrictions have to be required p^ : 
First, the twisted theory should contain at least one scalar topological supercharge. 
Second, among the spinor representations of Spin{7) no ones with spin > 2 should appear. 
Third, for a full topological twist only half-integral spins should appear among the spinor 
representations. 

Under these restrictions Spin{7) decomposes as Spin{7) — > SU {2) SU {2) SU {2) ]\j , so that 
the maximal residual global symmetry group is SU{2)r SU{2)j^. 

Now, choosing the diagonal subgroup of SU{2)e (8) SU{2)]\f one gets a twisted theory with 
an underlying Nt = 4 equivariant cohomology. Below, it will be shown that the action of this 
model is precisely the one given in (^. 

The other topological twist is obtained by taking the diagonal subgroup of SU (2) e ® SU (2)/j 
and gives rise to a Nt = 2 theory with global symmetry group SU{2)]\f <S) SU{2)^. The action 
of that theory will be explicitly constructed in Section 5. 

Furthermore, there are three topological twists oi N = 4^ D = 4 SYM, namely the A-model, 
which is the Nt = 2 equivariant extension of the Nt = 1, D = 4 Donaldson- Witten model 
0], the B-model, which formally can be regarded as a deformation |]l6i of the Nt = 2, D = 4 



super-BF model |28|, and the half-twisted Nt = 1, D = 4 model [l22| , the Donaldson- Witten 
theory coupled to a spinoral hypermultiplet. Therefore, one might have expected that there 
are at least three topological twists of A^ = 8, = 3 SYM. But, as pointed out in [^], the 
dimensional reduction of either of the two Nt = 2, D = 4 theories, i.e., the A- and the B-model, 
give rise to equivalent D = 3 topological gauge theories, so that, under the above-mentioned 
restrictions, there are only two different twists. 
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Now we want to show that the dimensional reduction of the Nt = 2, D = 4 Yamron- 
Vafa-Witten theory with global symmetry group SU{2)r, i.e., the A-model, leads precisely 
to the action given in @. The gauge multiplet of this theory consists of the gauge field 
a Grassmann-even self-dual tensor field Mfj_^, a 5C/(2)/j doublet of Grassmann-odd self-dual 
ghost-antighost tensor fields x% = {'4'^lu,X^^v}, a S'f/(2)/j doublet of Grassmann-odd ghost- 
antighost vector fields ■0^ = {V'^'XAtji a SU(2)ji doublet of Grassmann-odd scalar fields 7?° = 
{A, T]}, and a SU{2) ^ triplet of Grassmann-even ghost-for-ghost complex scalars = {(/>, r, 4>}. 
For the closure of the topological superalgebra (see Eq. ( |l9|) below) it is necessary to introduce 
a set of bosonic auxiliary fields, namely the self-dual tensor field Gfj,^ and the vector field H^. 
All the fields are in the adjoint representation and take their values in the Lie algebra Lie{G) 
of some compact gauge group G. 

The action of the Yamron-Vafa-Witten model, with an Nt = 2 off-shell equivariantly nilpo- 



tent topological shift symmetry Q"', is given by ^S], (see also 

+ 20,,{r?", r/^} + 2</.„4V'^^ ^;:} + iMx^"" , xU + ^abD^^'^' 

(16) 

and can be cast into the Q"-exact form 

'S'yVW = \^abQ'^Q^XYY^Ni 

with the gauge boson 

Xyvw = j d^xtrjM^'^F^, - ^M^'^iM/, M,a] - + ^ab^^'^l + eafe??^'}. 

The complete set of symmetry transformations which fix all the relative numerical factors in 
([T^, except for an overall coupling constant, is given by the topological supersymmetry Q'*, 

Q^A^ = Q'^M^, = x%, 

Q^xiu = [M,,,r'']+e'''G,,, Q'^G,, = -i[M^„ - ^J, (17) 

and by the vector supersymmetry Q'^, 

QIH, = D^r, - \D,r^ + e,d[0"^ xU - V^'] + V"]. 
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which, together with the space-time translations P^, obey the topological superalgebra 

{g«,Q''} = -2<5G(0"'), 

= -25^,5G{r') - e'^'SaiM^u). (19) 

Our next goal is to show how the action (|9|) is obtained from (p!6[ ) by a dimensional reduction. 
To this end we perform a (3 + l)-decomposition of the action ([iq), i.e., we split the space-time 
coordinates into x^^ = {x",x'^}, a = 1,2, 3, where x'^ and denote the spatial and the temporal 
part, respectively. As a next step, we assume that no field depends on x^, i.e., = 0, so that 
the integration over factors out and, therefore, can be ignored. Furthermore, we rename the 
temporal part of A^, tp'^ and H^, according to 

^4 = 2p, v2 = Hi = y, 

reserving the notation Aa and ip'^ for the spatial part of and ip'^, and identify M^jy, x^J.u, Gf^u 
and the spatial part of with 

Map = ea^^V^, M„4 = Va, Xaf3 = eafi^i^^" , Xa4 = C> 

Gal3 = eajS^yB^ + ^ajJ-yD'^P, GaA = Ba + DaP, Ha = Ba — [Va, p], 

respectively. Here, the p-dependent shifts in Gap, Gai and Ha ensure that after carrying out 
the dimensional reduction the hermitean conjugate Q"^ of the scalar supercharge Q"^ coincides 
with the temporal part Q1 of the vector supercharge Q^, i.e., Q"^ = Ql- Then, after squeezing 
dll) to = 3, we arrive at the following reduced action 



j d^xti^e'^P^B^Fap - e'^^^B^lVa, Vp] - 2B^Ba + 2e,fee'^^^V^^D«V'^ 

+ e,6e"^^K,({C, V'^} - {C, V^M) + 2e'^P^'B^DaVf3 - 2B'^Ba 
- 2eaMD"^i + r^>a) + 2e,,y"(K, V;^} - {r?^ ^^}) 

+ 2<Pa,{{ii\ri>} + {^"^^^}) +4p6„,({7?^r?''} - {r\i^i}) 

+ 2^ab{{tM'} + + ^abD^r' + 2pD^p - [v^, (Pab] [Va, r'] 

-2[V'',p][Va,p] - [(PabAcdWA'"']-^[pAab\[p,r']-2YD'^Va-2Y^] 

(20) 

which is manifestly invariant under the discrete symmetry 

{Aa, Va, Ba, Ba, Y) > {Aa, ~Va, —Ba, Ba, ~Y), 

(c,c,^^r,'^"^p) - (c,c,r,r/^<A'^^-/>), (21) 



exhibiting that the global symmetry group is actually SU{2)r (g) 5C/(2)^. 

Next, after squeezing ( |T7| ) and ( [l8| ) to D = 3, for the transformation laws generated by the 
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scalar and vector supercharges, and Q'^, we get 



^5 -^ck 


= lb"- 






2 1 ' 2 ' ' 






'^cdlY :'r J ) 






- n ga'^FT/ 1 Jib n 

— ^a'r ^ IJ] ^ ^ai 








Tal LP) V^o 








D'^n — 
1^ P - 


2^ , 




qV = 












Q'^Ba 






Q^Y-- 







(22) 
and 

QlBp = D^rp - \Dpra - <] - ^-dW", ^apfj" - ea.p^^^"] 

QIY = D^t + [Va, + e.dir''. i^i] - [p. C], (23) 

respectively. The transformation laws generated by the conjugate supercharges, and QJ^, are 
obtained from ( p2[ ) and ( p3[ ) by carrying out the replacements (pl|), mapping to and Q% 
to Q^, respectively. 



To make contact with the action and the transformations given in (^), (|ll| ) and (13) we 
express (pO[), (22) and (^) in terms of the complexified fields ± iVa, B^ ± iS^, it i^/i^, 

it if/° and in terms of the complexified supercharges Q"^ it iQ^i i ^Qa; respectively. In 
addition, we combine (f)"'^ and p to form the complex scalar fields 

/-ab lab , ■ ab a Jab lab ■ ab 

C =0 + 1€ p and C =0 — P, 
recalling that (f)"''^ is symmetric, 0"'' = (j)^"'. Then, after carrying out the redefinitions 

Ba + iBa Ba, Ba — iBa Ba, 

jf^ijf^jf, rC-iff^ff, VS+^V^a^C 
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and 



it is easily seen that the resulting action and transformations are precisely the ones given in 
Section 4. Hence, it is proven that by a dimensional reduction of either of the two Nt = 2, 
D = 4: theories one recovers the Nt = 4 equivariant extension of the Blau-Thompson model 
proposed in Section 4. 

5. Dimensional reduction of half— twisted A^^ = 1? D = A Yamron model 

After having described the Nt = 4 topological twist of = 8, -D = 3 SYM, arising from 
the dimensional reduction of either of the two Nt = 2, D = 4 theories, now, for the sake of 
completeness, we will also explicitely construct the other Nt = 2 topological model arising 
either by partially twisting = 8, D = 3 SYM or by dimensional reduction of the half-twisted 
iVr = 1, -D = 4 theory ^ (see Diagram). 

The global symmetry group of this theory is SU{2)]\f SU{2)j^. The action of this partially 
twisted theory can be described as the coupling of the Nt = 2, D = 3 super-BF theory to a 
spinorial hypermultiplet {A^^,Q}. This hypermultiplet is built up from a SU{2)n ^ SU{2)j^ 
quartet of Grassmann-odd spinor fields A^* and a SU{2)j^ doublet of Grassmann-even spinor 
fields Ca- order to close the topological superalgebra (see Eq. ( p9[ ) below), we introduce a 
SU (2)^ doublet of bosonic auxiliary spinor fields Y^. The spinor indices are denoted by ^4 = 1, 2. 
All the spinor fields are taken in the adjoint representation of the gauge group G. 

Omitting any details, after dimensional reduction of the half-twisted Nt = 1, D = 4 theory 
the reduced action, with an underlying Nt = 2 off-shell equivariantly nilpotent topological shift 
symmetry Q'^, splits up in two SU{2)n <8> SU{2)j^ invariant parts 

S(Nr=2) ^ g^^ ^ (24) 

where the first part is just the action of the Nt = 2, D = 3 super-BF theory given in dll) and 
the second one is the matter action 

Sm = J d'xtT{-iXAab{crn^''D^X%'-2iXAab{c7n^''[raXB] 

+ 2XAabK, C^'] + 2e,A'X[^ab, X^'''] + [cPab, CAc] 1^', C^l 

- ieabCA{<rn''''[Ba, C'b] - 2ieabYl{a^)^^D^C!'B + 2y^'^lAa}; (25) 
here, is the covariant derivative (in the adjoint representation) and aa are the Pauli matrices, 

{'^a)A^{'yi3)cB = Sapf-AB + i(-al3-t{(^"') AB, a = 1, 2, 3. 

The spinor index A is raised and lowered as follows, (pA = 'f^^BA and (p^ = e^^ipB with 

^AC' _ sA 
e ecB — -Ob- 

The action (p5|) can be cast in the Q'^-exact form 
with the gauge boson 




+ ie,6a(cT")^^I)aC^}. 
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By a straightforward calculation in can be verified that both parts in are separately in- 
variant under the off-shell equivariantly nilpotent topological supersymmetry (cf., Eqs. (||)), 

Q^A^ = C Q'^Ca = At, 

Q«A5f = -ir", a] + e'^'YX, Q'^YX = |[r?^ Ci] - e^ir", (26) 
and under the vector supersymmetry Q'^ (cf., Eqs. (^), 

g^r?^ = D^r' + e^'B^, 

Q-X"^ = -e'^'D^a + i(^a)AB(r', C'^l + e'^'Y'"''), 

QIYX = D^Xf + C^] - i{<y,)AB{[v\ - ecdir", A^^^]). (27) 



Furthermore, it can be proven that the sum of the two parts in ( p4[ ) is invariant under the 
transformations generated by the spinorial supercharges Q°^, 

Qa^o = a) AB^^""^ , 

QaQb = ^AB(^ V -l[(7 )ABe Wa^ 

/^ab icd 1 ,ac \ db , 1 ^ad \ cb 

^A'P — 2*" '^A + 2^ ^A) 

C = -e^'^aCi + ^(cTa)Ai?(r^ C""'] + e'^'^Y'"'), 
QfB^ = \D^\f + [C, C\] - ^MAB{[t. Q""'] - e,dW\ A^'^'^]), 
QtX^'i = e"lC^, C^] + eABir", 0'"] + i{a'')ABe'\D^r'' - e^'B^), 

QaY3 = -|[At, Cb] + [Af , C^] - cabK, 0^1 - i(a")AB6^^(D„r?« + 6e/r^ V'^])- (28) 

By the symmetry requirements Q"5bf = Qa^BF = and Q"'Sm = Oq'S'm = 0, together with 
Qa ("^BF + -Sm) = 0, all the relative numerical coefficients of the action Sbf + Su are uniquely 
fixed, except for a single overall coupling constant. 

The eight supercharges Q", Q'^ and Q'^, together with the generator Pa of space-time trans- 
lations, satisfy the topological superalgebra 

{Q-,Q'} = -26G{r''), 
{Q",Qt} = -e'^%(Cl), 

{Q''a,Q'l} = -ie'"'{<ra)ABSG{C''l, 

{Qa, Qb} = 2e'^''eABSG{r'') - ie'''€^\a^)AB{-iPa + fc(^a))- (29) 
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Finally, let us notice that the dimensional reduction of the half-twisted Nt = 1, D = 4 theory 
can also be described by decomposing Spin{7) — > G2 — > SU{2)]\f (g) SU{2)j^ [|l6|. In that 
description, however, only the diagonal subgroup of the global symmetry group SU{2)n (g) 
SU{2)^ is manifest. The action of this theory coincides with the dimensional reduction of the 
Nt = 1, D = 4 Donaldson- Witten theory [Q] coupled to the standard hypermultiplet to 
D = 3. 



Conclusions and Remarks 

In the present paper we proposed a Nt = 4 equivariant extension of the Blau-Thompson 
Nt = 2 non-equivariant topological model in D = 3 Euclidean space-time. Furthermore, we 
showed, by proving the equivalence with the dimensional reduction to D = 3 of the Yamron- 
Vafa- Witten Nt = 2, D = A theory, that this extended topological model coincides with one 



of the two inequivalent topological models which, according to the classification of |16], may be 
constructed by twisting the N = 8, D = 3 super- Yang-Mills theory. In addition, we constructed 
explicitly also the other topological model which may by obtained, namely, the Nt = 2, D = 3 
super-BF theory coupled to a spinorial hypermultiplet. 

All these models, including the Nt = 2, D = 3 super-BF model, are considered in the flat 
Euclidean space-time where, besides the topological shift symmetry also the vector supersym- 
metry can be constructed. All these symmetries have been given explicitely. The actions of the 
corresponding theories are shown to be uniquely determined, up to an overall coupling constant, 
when they are required to be invariant not only with respect to the topological shift symmetry 
but also with respect to the vector supersymmetry. Furthermore, it is shown that these sym- 
metry operations, together with the generators of space-time translations, fulfill corresponding 
topological super algebras. 

As already mentioned in the introduction, the Blau-Thompson Nt = 2 non-equivariant 
topological model and its Nt = 4 equivariant extension provide not only the link between the 
various topological theories arising from twisting N = 1, D = 6 or N = 1, D = 10 super- 
Yang-Mills theory, but also are pre-candidates, after carrying out a dimensional reduction to 
D = 2, for Hodge-type cohomological theories in D = 2. Of course, in searching for all of the 
Hodge-type cohomological theories in D = 2 a complete group theoretical classification of the 
topological models in D = 2 and their explicit construction would be necessary. 
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